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1  •  Introduction  and  3mttni£u?y. 

The  problem  of  rofleotlon  aii^I  refraction  of  electro¬ 
magnetic  wavea  by  a  dielectric  medium  is  an  old  aubjeet, 
which  first  attracted  interest  in  optics.  Later  on  the 
well  known  refraction  laws,  found  by  Snellius  and  Fresnel • 
for  a  plane  boundary,  were  applied  to  radio  waves,  espe¬ 
cially  short  ones.  'Hic  treatment  of  these  problems  oan  be 
found  in  any  text  book  on  electromagnetic  theory,  e.g. 

Stratton  [ 1 ] . 

In  the  above  mentioned  eases  the  dielectric  is  assumed 
to  be  independent  of  space  and  time.  The  interaction  between 
an  electromagnetic  wave  and  a  medium,  the  electrical  proper¬ 
ties  of  which  are  vairylng  with  space  and  time  has  become  of 
growing  interest  during  the  last  years.  The  dynamiles  of  non¬ 
linear  wave  propagation  in  ionized  media  has  been  studied 
in  detail  by  Rydbeck  in  a  number  of  papers  [z],  where  among 
other  things  the  complloated  case  of  a  magneto-lonlo  medium 
is  discussed.  Vilhelmsson  has  treated  related  problems  in 
two  reports  [3]«  Interaction  phenomena  of  similar  types  has 
also  been  investigated  by  Simon  [4]  for  a  dielectric  medium, 
embedded  in  a  wave  guide. 

The  purpose  of  the  investigation,  presented  Im  this 
report,  is  to  study  the  interaction  between  an  obliquely 
incident,  plane  electromagnetic  wave  and  a  plane,  semi-infinite 
dielectric  medium,  the  dielectric  constant  of  which  contains 
a  space-  and  time-varying  component .  The  problMi  of  the  pos¬ 
sible  creating  such  a  forced  variation,  or  disturbance,  lies 
outside  the  scope  of  this  report.  In  this  connection  refe¬ 
rence  is  made  to  Rydbeok  [z]. 

Let  us  first  consider  a  medium,  the  dielectric  constant 
of  which  is  periodically  fluctuating  only  in  time.  It  oan  then 
be  shown  that  one  gets  parametric  resonance  when  the  angular 
frequency,  of  the  incident  eleotronagnetio  wave  is  equal 
to  half  the  angular  frequency,  of  the  forced,  or  pumped, 
variations  in  the  disturbed  medium.  However,  when  the  dis¬ 
turbance  is  propagating,  this  resonance  eonditien  becomes 
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•lt«r«d.  V*  t±nd,  that  In  ordar  to  got  raaonaneo  offoeta 
eortaln  ralationa  dapendlnc  on  the  anglo  of  Ineldoneo  and 
tha  phaaa  Taloeltlas  of  tha  ineldant  and  "puamt^-wava,  pra> 
dletad  by  Rydbaelc  [2],  muat  ba  fulflllad.  Tha  haraonle  time 
variation  of  tha  dlaleotrlo  aadlvn  produeaa  trananittad 
and  raflaetad  wavaa  ("non-linaar"  aodaa)  on  tha  eharaetarla- 
tic  fraquanoiaa  *  n  ahara  n  ■  0,  1,  2  ...  Tha  ancl** 
of  raflaetton  and  tranaalaalon  will  bo  funetiona  of  tha 
propacation  paraaiatara  of  tha  two  wavaa  aa  aicpraaaad  by  a 
canarallnation  of  Snalllua'a  lav.  Tha  invaaticatlony  final¬ 
ly,  alao  inoludaa  tha  eaaa  vhara  loaaaa  ara  takan  into 
aeeount. 

I  want  to  anpraaa  my  aineara  gratituda  to  Profaaaor 
O.X.H.Rydbaok,  Head  of  tha  Raaaareh  Laboratory  of  Xlaetro- 
nioa,  Chalaara  Unlvaralty  of  Taohnolegy,  Gothanborg  for 
auggaatlng  tha  problan  and  for  anoouraging  adviea. 

Tha  work  haa  baan  dona  undar  U.S.Air  Porea  Centraet 
AP  61(052)-431.  throng  tha  Europaan  Offiea  of  Aaroapaea 
Raaaareh. 
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2.  rh9  laf raotlon  b»tw0»n  an  obllQtt«ly  lnflid«nt.  p1m»» 
»l»otrow»g|#tio  wmy  and  a  plant  ••■l-lnfliilf  ■•dlww 
with  th»_  di»l»otrlc  eon«t»nt  ♦  Ae  ooafajt  -  Px)  . 

Coiialder  a  madiuB  In  tdiieh  th«  dlalaetrie  eonataat  <2 
vmrlas  lik« 

^2  •  eoa((t>2t  •>  33c)  (2.1) 

idiara  la  tha  pamlttlwltx  of  froo  apaoo  and  « 1  * 

Ihis  nadlun  (nadlun  2)  will  fem  tho  uppar  half-apaoa  la  a 
eoordlaata  syataa  asplalaad  la  Pic*  2.1,  Tha  lowar  half- 
apaea  la  aaatiaad  to  ha  raouiia  (aadlna  1 ) .  It  ohould  ba  add- 
ad,  la  thla  eonnaetloa,  that  It  la  outalda  tha  aoopa  of  the 
praaaat  eoaaunleatlon,  idxleh  only  daala  with  tha  principal 
Intaraetlon  aapaota,  to  dlaenaa  tha  phyaleal  raallaablllty 
of  aadltaa  varlationa  of  tha  natura  daaerlbad  by  (2,1). 

In  ordar  to  find  out  la  which  way  a  plaaa  TX-wava, 
with  tha  ancular  fraquaaoy  and  propanatloa  oonataat 
obllaualy  Incldaat  froa  aadlua  1,  [tha  aa^la  of  laoldanoa 
la  will  ba  coupled  to  tha  *ptt^>ad*  aadlua  2,  tha 

wawa  aquation  aniat  ba  aolrad  aad  tha  b'ouadary  coadltloaa 
aatlaflad. 


MtdiumB 
Medium  f 


la*  At  CO» 
t,»tp 


£•£9  «q»  [yfw/ -JrAr*ah  Jlj'^a^r^ooa 


Flf*  ^  ploBo  alaetraawcnatle  wa-ra  obliquely  laeldoat 

upoa  an  eaelllatla«,  dioloctrie  aadlua. 
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Maxwell  *•  aquations  in  stadium  2  can  ba  written 


V  I  B  .  ej  1  (J.2«) 

I*.  ^  I*  (*•**’> 

^6^  1  «  0  (2.2o) 

7R  •  0.  (2. 2d) 


Aaauaiiiic  that  8/dy  ■  0*  ■  0  and  puttioE  ■  E*  va 

gat  froa  aquations  (2.2)  and  (2.1)  the  following  wavs  aqua¬ 
tion 


of  dt^ 


■  -4  JL  [g  ooa(a>2t  -  px)] 

0*  ®o  at*  ' 

o 

where 


e 


o 


(o),  ♦  nwj) 


(2.3) 


(2.3a) 


The  solution  of  (2.3)  oan  ba  written  as  a  sariaa,  naaely 
j[»^t  -  X  -  k^®^a] 

B  -  a  *  *  •  F(»2t  -  px).  (2,4) 


idiara 


F(«jt  -  px) 


na-t>eo  Jn(wjt  -  Px) 

BB-eo 


(2.5) 


Xn  aqnatien  (2.4)  k]^^^  and  k^^^  are  the  x-  and  a-eosipoaants 
of  the  propagation  eonatant  in  nadiun  2  for  the  wave  with 
angular  fraquonoy  Siailarly  k^^^siBp(^\  and  ooa 


•r*  d«aot«d  aad  r«sp«etlv*ly,  ate.  Sine*  w*  bar* 

asaiuiad  Ae/e^  «1,  «•  n«cl«et  saeoad  mad  hitfixmr  ordar  tama 
la  Ae^^.  Iba  firat  ardar  aalutlen  trill  thaa  eaaaiat  af 
thraa  eoaiponaata  with  tha  amplitudaa  and 

la  tha  firat  ardar  A^-^^  la  datamlaad  by  tha  Inoidaat  trava 
aaly*  A^^^^  and  A^*^^  ara  than  found  fron  aquation  (2*3)  to 
ba 


Vhaa  tha  diaturbanea  la  not  propagatlaf»  i.a.  tdiaa 
^  ■  0|  paranatric  raaonaaea  will  ooour  for  Ug  •  2«^.  In  anr 
oaaa,  with  p  /t  Ot  tha  oondltion  9  ■  2kl^^  araat  alaa  ba 

*2  /  i\ 

fttlflllad  in  ardar  to  (at  a  raaonaaea  of  A^  '  in  aquation 
(2,7)  at  ttg  a  2»^ .  Va  trill  diaouaa  ralatad  quaatioaa  in 
aoaia  nora  detail  in  tha  next  paragraph. 

Tha  boundary  condltiona  ara  (index  1  rafara  to  nadlnn 
1,  ata) 


- 


»»1 
TT  - 


TT'ir 


(*  ■  o) 


(2.8) 


Za  ardar  to  aatiafy  aquationa  (2.8)  tta  write  tha  total 
fialda  in  tha  two  nadia,  aonaidarinc  eoatribatlona  of  _  all 
ardwa  in  Ai/s^t  in  tha  fallawinf  way*  win. 


=ino 


-  xk^'^^sin  - 


♦  E  R'  ^  exp  (  J 
na-OO 


0 


.(0) 


(o)^  +  nu)2)t  - 


cos 

V - 

^(0) 


.i®)] 


-  sin  +  n3]  +  z 


^ 

; 


and 


(2.9) 


E-  >  F((ij2t  -  3x)  2  b^^^exp- J  [(w,  +  mu).  )t  -  xk^"^  -  z  k^“^  ] 

nia^oo 


(2.10) 

In  equation  (2.9)  is  the  ang:le  of  reflection  for  the 

wave  with  angular  frequency  +  n  Wg »  k^*'^  [with  compcnenis 
k^”^  and  k^^  ]  denotes  the  k- value  of  the  u)^  +  n  u)^  wave  in 
medium  2,  and  kj”^  a  k^”^  [with  ''oinponents  k^^^  and  k^^^] 
the  corresponding  quantity  in  medium  1. 

Inserting  the  expressions  (2.9)  and  (2,10)  Into  (2,8) 
yields 


2k 


(0) 


,(0)  ^(0)  -  '''1'’’ 

*  ‘  JpT  Jo)-,  ,(0)  •  JoT7,('o)- 

O  -^1  Zg  Z^  Zg 


(2.11r^) 


,(o) 


.(0) 


.(0)  . 


cos 

ki”*  c.  .S®'  .  kW 


4?)  -  4°> 

hnc  iJoTTlTO 


(2.11b) 


“7“ 


Thcsa  expresaiona  we  recognize  aa  the  well-known  Fresnel 
formulae.  The  first  order  coefficienta  are  fotwd  to  be 


'  *=incir  * 


Ae_ 
"o 


(w  +0^)* 

*s:e.24»)j  * 


k(-)  *  icf")  2k«» 

•  :f)  ;  1.^)  •  7or\\M’ 


(2.12a) 


,(+0 


E 


d£ 
inc  2e 


2 

(  «^  +  Wg  ) 


kfo'  -  k(*’>  2k('» 

*2  '2 


(2.12b) 


.fo)^(-l)  .  4S 

*  ‘  ^  ^(V2»,)-.^[^-2k(»)]  * 

k(-')  ,  k(®>  2k(“) 

•1  *2  *1 

‘  :  kW  •  kW;  kCo)'* 

■t  *2  *1  *2 


(2.13a) 


..(-1)  -  .ie  .  («ru)2) 

*  «7(;7.2v'..>ft-2k(o): * 


;pr;',T-Tf  •  nsr'VoT- 


X 


(2,13b) 


■»8«* 


Th«  sign  of  the  nuat  soraetlaoB  be  changed. 

Thie  la  dlaeuaaad  on  page  9> 

When  deteralning  the  b-  and  R- value a  we  have  oonaldered 
only  the  aaiplitudea  of  the  different  waves.  The  relevant 
tranaverae  phase  terms »  however,  lauat  also  be  equal  for  the 
various  n-valuea  In  order  to  completely  fulfil  the  boundary 
conditions*  ‘Ihla  yields  the  following  relations  between  the 
k->values 


k^"^  >  kj[°^  sin  +  np  (2.Ua) 

o  ■ 

(n  ■  0,  +1,  +2,..) 

k(">  .  k(">  CO.  » <")  (2.141.) 

where  ia  the  angle  of  refraction  for  the  u).|  *  a(d^  wave* 

(Note  that  In  this  case  because  the  mean  value 

of  le  equal  to  e^*) 

Xt  Is  Important  to  note  that  In  the  first  order  the 
coupling  between  the  Incident  wave  and  the  disturbed,  or 
puaiped,  medium  gives  rise  to  two  different  wave*  of  the  same 
angular  frequency,  (s^  u)^  ss*  “>1  **  ^2* 

dlum*  If  we  restrict  the  discussion  to  the  difference  fre¬ 


quency,  id^  -  (t>2,  wave,  we  find  that  both  waves  most  have 
the  same  k-oomponent  In  the  x-dlreotlon  beoatuse  ef  the  boun- 
daury  conditions  at  a  ■  0.  In  the  a-dlreotlon  one  wave  will 
have  the  k- value  k.,  ■  kil^^  and  the  other  one  k_g  m  ki?^* 
The  amplitudes  of  the  two  waves  are  A'  '  b'  '  for  the 
former  and  for  the  latter.  Thus  both  wave  compo¬ 

nents  travel  with  the  same  phase  velocity  in  the  x-dlree- 
tlon,  idilch  is  a  characteristic  feature*  The  angles  of  re¬ 
fraction,  as  well  as  the  phase  velocities  in  the  direction 
of  the  wave  normals,  are  different.  These  angles  are  deter- 
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wh«n  ^  ^ ,  and 

*2  *2 


k  .k(<» 
*2  *2 


*1 


1-3. 


% _ 

t2k<°l  .In  Ti°’  -  8]1}  " 


ki«-S 

*1 


-  3[2»ci°^  -  3]-  -  3]^  ^ 


(2.15>>) 


whan  k_  ■  k^®^. 

*2  *2 

Tha  k  -values  are 
*2 


[.(-0]^ .  .  [..(o)  ■  p]», 


(2.16a) 


and 


2 


(2,16b) 


In  thla  oonneotion  it  oust  be  pointed  out  that  the 
sign  of  mat  be  changed  whan  (i>^>  la  order  to  des- 

oriba  tha  0)2  •  waves  properly.  This  ohaaga  mst  be  made 
la  aquations (2. 13)  and  In  all  tha  following  formulas  of  the 
sane  kind. 

Tha  value  of  [sln^l”^^]  ■k('^0  become  >1,  If 

sin  fj®^>  el-  mj/  o»,‘,  or  <-1,  if  sin  - 

-  (1  -  Bquatlon  {2,13a)  ean  In  these  oases  be  satis¬ 
fied  only  by  oomplex  values  of  thi.» 
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ia  the  oaae,  only  aurface  wavea,  exponentially  deoreaalng 
in  the  x-dlreetion,  are  produced  In  the  ptuaped  mediun  at 
the  difference  frequency.  In  the  disturbed  medium  the 
field  will  decay  like 


(2.17) 


It  should  be  noted  In  this  connection,  that  the  abso¬ 
lute  value  ot 


can  never  become  >  1  for  lcpj®^l<90°. 

In  the  reflected  field  there  Is  only  one  oomponent 
for  each  frequency.  The  amplitudes  are  driven  by  the  corres¬ 


ponding  R- values, 
wave  la 


sin  9 


<-’> . 


The  angle  of  reflection  for  the 


Let  us  assume  that  3  ■  0.  It  is  Interesting  and  impor¬ 
tant  to  note  that  we,  In  the  (degenerate)  parametric  reso¬ 
nance  case  (i>2  *  2(s^,  then  get  a  reflected  wave  travelling 
In  opposite  direction  to  that  of  the  incident  wave.  When 
0  0  we  again  obtain  a  wave  In  the  opposite  direction,  if 

■  2  -  The  amplitude  of  this  wave  is  finite 

whereas  in  the  resonance  case  the  amplitude  is  Infinite 
la  the  first  order  if  we  neglect  losses  [see  equation  (2.7)1. 

Taking  into  account  hl^er  order  terms  in  A  we 

get  n  ♦  1  (n  ■  1,  2,  3,...)  wave  components  in  the  dis¬ 
turbed  medium  for  the  field  with  angular  frequencies 
(i>.|  *  n  Each  one  of  these  components  will  have  a  phase 


It 


velocity  end  enflo  of  rofraotlont  dotormlnod  by  tho  k> 

ooapononta  *  n3  in  tho  x>diroctlon  and  (l  ■  0| 

*2  "  *2 
1,  2|  ••••  n)  in  tho  z-dlrootlon.  Tho  k^2*‘^*^^**  **'* 

finod  by 


Ml) 

■a 


(2.19) 


Tho  roflootod  flold  eontalno  only  ono  ooaponont  for 
oaeh  froqttoney  booauso  no  ooupllnf  takoo  plaoo  In  modlum  t 
Tho  aneloo  of  rofloetion  boeoao 

!.(<»  »  n» 

•*”  i  '  \w“ 


oln  f 


(*n) 


'  *  1ST 


n(i>« 


(n  >  0)  (2.20) 


1  ♦ 


•  (I) 


1 


Tho  tranoalaolon  and  rofloetion  eondltlona  aro  dlo- 
ouoood  in  aero  dotall  in  tho  aoxt  paragraph. 
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3.  Ill*  intT»ction  betwn  an  obliQtt»ly  lneld«nt.  plan* 
•l«otroiaiB»«tl«  wav  and  a  plan*  ■•■l-lnflnlt*  w dlum 
with  tha  dialactrlo  oonstant  ■  e  »  Ac  0,0fiV, 

Nov  ooaoldor  a  madiua  with  the  sane  propertlas  as  ba> 
fore  but  %d.th  the  mean  value  of  the  dieleotrlo  oonatant 
C2  ^  Cq*  Vstng  the  sane  technique  as  In  chapter  2  and  with 
the  sane  assuaiptlons,  ve  obtain  the  following  wave  equation 


d^E  d^E  1  d^E  1  Ae  r.  /  ^  o  \T 

o«  ot 


ax‘  da"  Og  at 


(3.1) 


idiere 


s«  ■  ■  ^  —f  e_  ■  e  +  Ae  cos(a),t  -  3*).  £  ^  e  . 

2  VITT  220 


The  solution  of  equation  (3.1)  will  be  a  series  of 
the  sane  fom  as  (2,k)  and  the  A. values  are  now  found  to 

be 

,(„)  .  U  - iXSl! -  *(0).  (J.2.) 


2e 


(w^  +  Ug)' 

02  3[3+2k^®M  - 


.(-1)  ,  ^ 


2e 


(w^-Wg) 

»^3[3-2k^°^]  -  u>2 (0)2-20),) 


.(0) 


(3.2b) 


The  b.  and  R-values  will  fomally  be  the  sane  as  in 
the  case  e  ■  e^,  the  only  difference  being  that  the  factor 
ht/c  replaoea  ^e/e^  and  O2  replaces  0^. 

The  k. values  in  nediun  2  are 


>)  .  k(®)  •!>  <pj®)  . 


kW .  k<») ...  4 


(«) 


(n  ■  0,+1 »^2» . * •) 


(3.3*) 


(3.3b) 


13‘ 


where 


The  anglee  of  reflection  for  the  different  waves  ar- 
independent  of  e  and  the  expression  for  them  is  driven  in 
equation  (2.20).  The  angles  of  refraction,  however,  will 
change  depending  upon  the  different  phase  velocities, 
obtain  for  the  (i>|  wave 


where  we  have  used  the  same  notations  as  in  chapter  2. 

In  Pig.  3.1  is  sketohed  the  direction  of  the  wave 
nonials  of  the  reflected  wave  for  different  va¬ 
lues  of  ¥e  have  assumed  ■  30®,  P  ■ 


I4c 


e/G^  ■  1*44.  (Note  that  in  this  ease  depends  on  g^, 

beoause  3  ■  u^/o2») 


/,*"*JO* 

G/^-z.ee 


♦  ^1  \ 

F1g«  3.1*  The  direction  of  the  wave  noraali  '  S  for  the 
refleeted  ware  of  angular  frequenoy  u)^  "  <*>2t  •••usiintf  diffe¬ 
rent  values  of  w^/w^ ,  when  ■  1,44  and  ■  30*. 

A  refleoted  wave  of  anfular  frequenoy  (i)^  -  oan 
exist  as  a  travellin^r  wave  only  if  u_/w.<[sin  <p|^  *  l]/ 

(1  V  (when  3  ■  other  oases  we  get  ei^es- 

oentj or  surface  waves.  The  +  u>2  vave,  however,  exists 
as  a  refleeted,  travelling  wave  for  all  values  of  ^ 

[l  -  sin  V  G/E^  -  1),  and  the  anfles  of  reflexion 

lie  between  and  '^90*. 

The  traBssd.tted  eoaponents  of  the  -  11)2  wavs  show 
seaswiiat  different  properties.  The  one  with  kg2  ■  ^2^^ 
behaves  slallarly  to  the  refleeted  wave  and  exists  only 
for 

«2  ^  •*“  91^^ 

TT  <  » 


2 
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prevldad  that  0  ■  ahows  tha  dlraetloa  of 

tha  «ava  nonwls  fof  thaaa  varas. 


Fla.  3. 2. Tha  dlraotlen  of  tha  aava  nonaal*  \  Ibr  tba  trana- 

-  f-1 ) 

■Ittad  wava  of  angular  fraquaney  >  (02  and  ^^2  ■  1^(2  * 

aaaualng  dlffarant  valuaa  of  (o./to.,  uhan  t/e  m  1*44, 
aad^^^^  m  30®, 

For  tha  vava  vith  m  wa  gat  traas- 

■ittad  waraa  for  ovary  valua  of  and  wa  hara  in  Fig. 

3.3  ahown  tha  dlraetlon  of  tha  vara  noraal  In  thla  oaaa. 


«Q42 


Fig.  3*3.  Tha  dlraotion  af  tha  vara  nonal,  the 

tranaBittad  vara  of  angular  fraquaney  M|  «  <*2  ^2  ** 

m  k^2^  •  aaauaing  dlffarant  raluaa  of  •  idian  e/e^  ■ 

a  1.44,  and  «  30® 
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Aa  far  as  tha  amplitudes  of  the  different  wave  eompo- 
nenta  are  ooneerned  we  restrict  ourselves  to  the  moat  lnter> 
eating  ones,  namely  those  with  angular  frequeney  •  (*>2* 

Por  tha  simplest  case,  namely  when  the  mean  value  of 
Is  equal  to  c  and  the  forced  dlsturbanoe  In  medium  2  does 

o  / 

not  propagate  (  3  ■■  O) ,  the  first  order  amplitude  '  of 
the  refleeted  •>  (1)2  wave  Is  shown  In  Pig.  3.4  as  a  funo« 
tlon  of  <**2^**1  * 


Pig.  3.4.  Ihe  first  order  amplitude  of  the  reflected 

"  ***2  function  of  (>>2/11)^, when  3*0,  and  ■ 

-  30®. 

In  the  region  0.5  <  ^  ^*5  I  ^  !•••  only 

a  surface  wave  exists  In  the  same,  and  the  amplitude  of 
this  wave  is  shown  by  the  dotted  curve  in  Pig.  3.4.  Ihe 
figure  shows  that  we  get  regular  parametrie  resonanee 
(which  is  flnits  in  the  second  order  theory)  when  * 

■  2,  as  ejected.  Ve  also  got  two  other  rosonanoes*  namely 
when  W2/w^  ■  0.5  nnd  1*5.  These  resonanees,  idiieh  take 
place  idisn  •  90®.  i.e.  when  9^“^^ 
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•  ganeral  cas*  of  p  0,  whan  + 

■  -  3  •  -  3;“)i  If  e  ■  ( "travailing  wava  ra- 
aonanoa",  Rydbaok  [2]),  are  alao  of  paranatrle  natura.  In 
thia  caaa,  »  30**  and  3  ■  0,  thay  ooour  whan  -  Wg  ■ 
»  +  01^ /2,  tdiaraaa  the  "ordinary"  paranatrle  raaonanea  oo> 


cur  a  whan  **  ''*2 


-  0)2/2. 


Fig.  3.5.  The  first  ordar  amplituda  of  tha  raflaotad 

0).  -  <02  a*  a  function  of  whan  3  «  *'‘*2^**0*  ***** 

<p(o)  ■  30**. 

In  tha  nazt  oaaa  wa  atlll  asauna  that  the  naan  valua 
of  6-  la  c  but  aaauna  that  P  ■  <0q/o^»  Tha  flrat  ordar 
aaplltuda  r'~*/  of  tha  raflaotad  <0^  -  <02  wava  now  varlaa 
with  t*2/*‘*i  **  ahown  In  Fig.  3*3»  Tha  "draatle”  Influanoa 
of  a  drifting  dlaturbanoa  (  P  o)  la  avldanti  tha  pra- 
Tloua  **travalllng  wava"  raaonanoa  point  <'>2/*^1  ** 
la  ohangad  to  <02/^1  ■  0.73»  aoeordlng  to  tha  relation 
01^  -  »2  a  -  (<0^/2  -  "2^* 

Finally,  la  ordar  to  daaonatrata  tha  InfluMioa  of 
tha  6/e  .ratio,  wa  hava  la  Fig.  3,6  plottad  tha  flrat  or- 

®  f-1) 

dar  aaplltuda  R'  '  of  tha  raflaotad  '  ‘'I2  1^*  * 
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functlon  of  when  e/Eq  *  ^  ,kk  and  3  ■ 

Intaraatlng  to  note  that  in  this  ease  the  aaplltude 
renalns  finite. 


Fig.  3*6 •  The  first  order  amplitude  of  the  reflected 

^1  **  ^2  wave  as  a  function  of  u)2/w^i  idien  3  ■  <*>2/^2* 
e/e^  .  1,44,  and  cpj®^  .  30°. 

In  Figs.  3. 7-3*9  are  sketched  the  amplitudes  of  the 

different  refracted  -  Wg  waves  for  the  same  valiies  of 

3  and  e  as  for  the  reflected  waves. 

From  Fiff*  3.4  we  noted  that  the  reflected 

wave  experienced  parametric  resonance  when  Ug  ■  2(a|,  If 

3a  0.  As  far  as  the  refracted  waves  are  concerned  this 

resonance  effects  coours  only  for  the  wave  with  kgg  ■ 

•  as  shown  in  Fig.  3*7*  The  other  two  resonance  points , 

*2 

a  0.5  and  1,5*  will  occur  only  for  the  wave  with 

z  «  /  1  \ 

ksg  ■■  also  shown  in  Fig.  3*7* 


O  UO  ax>  Jo  ^  5jO 


Flff*  n*  firat  ordar  ai^Utudaa  aad 

a(*^)  af  tlM  tranaaittad  (■>.  •  a^  w^'vaa  aa  ronatlana 

•t  mg/m^,  abas  p  ■  and  ■  30®, 
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4,  Th«  Infraction  betwen  an  obllqualv  inold«nt. 
»l»otrow>JBi»tic  vave  and  a  plane  8»iil.lnflnlt« 
with  th»  dl»l»ctric  oon»tant  6.  ■  e  .  JO/o)  ♦ 

♦  Ae  eoafa.t  3x) . 

V«  h«v«  ao  far  only  eooalderad  madia  without  leasaa. 
In  many  practical  casea,  houawar,  we  muat  alao  taka  into 
accotint  the  conductivity  of  the  nadium.  If  wa  denote  the 
oonductivlty  by  O  and  the  dielectric  conetant  by  e  the 
oomplex  dielectric  conetant  e*  of  the  aadluu  ia  defined 
by  the  formula 

e '  =  e  ••  ja/o). 


Our  calculations  can  now  be  dona  In  the  same  way  as  in 
the  lossless  case,  only  replacin^r  6  by  6'. 

Using  the  same  notations  as  before  the  complex  dialao- 
tric  constant  of  medium  2  (see  Fig,  4,1 )  can  be  writtan 


Pig,  4,1.  A  plane  electromagnetic  wave  obliquely  incident 
upon  an  oaoillettng,  lossy,  dlelectrlo  medium. 

e'  «  e  -  js/o)  +  Ae  eo9{u>^t  -  Px)  (4»1) 

idiere  u  la  tho  rngular  frequency  of  the  wave  under  oono 
aidaration  l.e.  u.,  *  etc. 

The  wave  equation  In  medium  2  la  found  to  be,  if  wa 
aaaume  d/dy  ■  0 
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d*E 
2 

dx  dz~  o 


a  E  1  / ,  ,  a  .  d*E 


%<h*r« 


"?  ^  cosCaijt  -  3x)] 

O2  dt 


V  M-o  e  • 


(4.2) 


Using  the  same  technique  as  In  chapter  2  we  expand 
the  solution  of  equation  (4.2)  In  a  series  and  get  with 
our  previous  notations 


,(♦1)  .  As 

^  ■  2e 


(o)^  +  Wg)' 


2e 


Cg  3[3  +  2k^°^]  -  '^2("2  *  J 


( (1)  ^  ••  ^  2  ^ 


a(i)« 


•  A 


(0) 


“2  -“2^“2  ’  ^“1^  ”  J 


c 

(4.3a) 


au)2 

e 


(4.3b) 

It  Is  Interesting  to  note  that  the  imaginary  term  in 
the  denominator  will  depend  on  the  pump  frequency  u>2  only 
and  not  on  the  frequency  u>^  of  the  Incident  wave  as  alEht 
be  expected. 

In  order  to  obtain  a  solution,  that  satisflea  the 
boundary  conditions,  we  introduce  the  same  series  as  In  the 
lossless  case,  namely  the  expressions  (2.4)  and  (2.5). 

The  b-  and  Revalues  are  then,  in  the  first  order  approxima¬ 


tion,  found  to  be 

a(0)  s(0) 


2k 


(»)  .0.  ,(») 


Uol  Z(^ 

cos  cp^  '  *  K' 


2k 


(0) 


'l«.  Jo)  .  JoJ' 


*  k 

.(0) 


■2 


(4.4a) 


t(o)  - 


(0)  .  ,^(0) 

*  *« 
*<» 


cos  <P{~'  -  It 


®l«o  IP) 


...  .  kt*> 


k(®)  -  Jj>'> 


B. 


ki°'  .  k'®»’ 
a. 


(4.4b) 
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,(0)  II  . 


A 

(U)^  ♦  Wg) 

(Wj+au)^  )-023[P  +214^)  ]-j 


k(*l)  ^  k(0)  2k(0) 

•1  *2  *1  *2 


,M)  . 


®ine  56  • 


(ti)|  ♦  ^2) 

(u) 2+2(1)^  )-e§3[0+2k^°h-J  ^ 


k(o)  . 


*1  *2 


kl'^^  ♦  k' 


(^.5b) 


(u),  -  (i»2) 

(D2(u>2-2W,)-023CP-2k^®h+J  ~ 


k(-i)  *  M  2ki®> 


k(-i)*  v(-i)  ktoTT^ 
*1  »2  *1  *2 


{4.6a) 


•  *lao  H  • 


_ (m,  -  u>2)^ _ 

,(»2-2»,)-e*^[^-2l4°^]♦J  2^ 


k^®^  -  k^”^^  2kJ^®^ 

*2  *2  ,  *1 

*  kH  ♦  ki-’j  ki®J .  ki®^’ 


(4.6b) 
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Th(.‘  h-  <- uU  ?;>  values  are  fomally  the  ease  as  In  tne 
losslesa  e  ;f>3,  be::idea  the  J  a  W^/s  tem.  The  Ic-raluea  In 
medluBi  2,  ho^evor,  are  In  general  C'^mplez  quantities.  The 
diaperalon  relatione  for  the  and  u)^  -  (1)2  waves  in  the 
punped  ■edlum  can  now  be  written  [ocepare  (2.l6a)  and 
(2,16b)] 


and 


(^1.7) 


(o),  -  - 

- 5 — [< 


J 


a 

-  0)2)® 


]. 


(4.8) 


Since  we  hr.ve.  In  this  eaae  too,  assuaed  aedltu  1  to 
be  a  vaeuiu,  the  boundary  oonditions  require  ■ 

a  eln  9^^^.  This  means  that  the  isiaglnary  part  of  k 

in  aedluffl  2  must  be  equal  to  the  Ima^nary  part  of 
l.e.  the  wave,  no  expected,  w.’ZI  be  attenuated  in  the  s- 
direotlon  only.  Introducing 


t 


we  get  for  the  warn 


.in'* 


♦ 


1 

♦  5 


sin* 


2  2' 


*2  * 


sin*  > 


IZ\* 

.5 ; 


(*.9) 


(4,10a) 


(4.10b) 
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Tor  th«  d}^  •  u>2  w*v«  w*  flijillar  •xprcasloa*  which  arc 
obtained  fron  (4.io){  w.  la  raplaoad  by  at.  -  u, 
alB  by  aln  -  0. 

Iha  S»fiald  In  nadlua  2  now  can  ba  written 


-“isi 

J  [(0 ,  t-*k^  aln  9$  ] 

»  ♦ 

-J(a)^ -KiJj  )  t-x[k^®^  aln(|p{®^+ P]-ak^2  J 

1 

♦ 

,^(0)b(.l)e 

|^((i), +<1)2  )  t-x[k2°^  alnq^ 

»nk^f2  J 

,^(.l)b(0)e  •"“2. 

|(<a,  )  t-xCk^®^  aln  <li{ 

f 

♦ 

J 

.  A(0M-^)e  ’""*e 

|^(a),-o^)t-x[k^®^aln9(®^«p]-ak^22] 

+  0*9 

(^.11) 


Since  the  ancles  of  reflection  are  Independent  of  e* 

theae  anclea  will  be  the  aane  aa  In  the  loaaleaa  caae. 

The  anclaa  of  refraction  are  deternlned  by  the  followlBc 
ejqitreaalenay  nalnc  the  aane  notatlona  aa  beforet  for  the 
and  (s^  •  <1)2 


.i. 


aln  f 


(4.12) 
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(4.  1  3: 


mk. 


(-1)  • 

***•2 


(4.13b) 


The  expression*  for  the  transnlssion  and  reflection 
coefficients  will  fomally  be  the  sane  as  in  the  lossless 
oase.but  the  R-,  A-,  and  b-values  given  in  (4,3)-(4.6) 
Must,  of  oourse.  be  used. 

Finally  we  want  to  study  the  values  of  oonduotivity 
and  frequenoies  for  which  the  losses  must  be  taken  into 

account.  For  the  siapler  case  3  ■  0,  and  e  ■  we  can 

(-1)  ® 
write  r'  '  like 


2 

008  «p 


u).  e_  + 


'<o.  6 


2 

cos  <p 


)  -  sin  (p 


where  the  upper  sign  Is  valid  when  a>^  >  u)^  B^nd  the  lower 
when  u)^  In  Fig.  4,2  are  shown  some  curves  of 

for  different  values  of  o/co^  (cf  Fig.  3.4) 


TT  If;, 


'2^  *  Ooi 

- »  0.08 

- *Q/o 


Fig.  4.2.  The  first  order  amplitude  R'~''  of  the  reflected 
u)^  -  (O2  wave  as  a  function  of  when  m  0«  and  ■■ 
■  30^,  assuming  different  values  of  d/u.* 
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VI th  th«  •xeeptlon  of  tho  froquonoy  rmnf  at  or  near 
the  resonance  points,  lAere  the  O-tersi  is  the  reaainlng 
part  of  the  denoalnator  In  (4 ,14),  the  influenee  of  the 
losses  la  small  If  *’  ^ 

rahos/aeter, a/a>f  will  be  less  than  0.01  for  frequenoles 
above  200  Me/s.  On  the  other  hand, if  O  is  not  greater 
than  3  *  10  ahos/aeter  the  same  term  will  be  <  0*01 
for  frequeneies  >  1  o/s. 
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